Comment on "Fun and frustration with quarkonium in a 1 + 1 dimension," by R. S. 
Bhalerao and B. Ram [Am. J. Phys. 69 (7), 817-818 (2001)] 
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In a recent paper, Bhalerao and Ram0 solved the Dirac 
equation in 1 + 1 dimensions with a Lorentz scalar po- 
tential given by 



V{x)=g\x\ (5>0) 



(1) 



and came to the conclusion that the energy levels are 
given by 



E = ±y/2{n+l)g (nSJ), 



(2) 



where X is the set of non-negative integers that satisfy 
one of the conditions 



i/„+i(m/V?) = ±V2(i^+l)Hn{m/^). 



(3) 



Hn{z) is the Hermite polynomial of degree n and m is 
the fermion mass. The purpose of this Comment is to 
point out that the energy spectrum obtained by in Ref. |l| 
is not correct, and to derive the correct one. 

Our starting poijat is Eq. (6a) of Ref. |l|. Its general 
solution is given byl3 



MO = CH.iO e-«'/2 + DH^.MO (4) 

where v = /2g^ ^ = (m -f gx)/^, and H^{z) is the 
Hermite function,El defined as 



2-r(i 



(5) 



The confluent hypergeometric function $(a, is ex- 
pressed as 



k=0 ^ ' 



(6) 

(a + 



with (a)o = 1, {a)k = T{a + k)/V{a) = a{a + 1) ■ 
A;-l), k = 1,2,... 

For large z and fixed ly, H^{z) behaves asymptotically 

as 



H,{z) 



{2zr 

37r 



(|z| oo), 



(7) 



provided that jargz] < ^ — 5- Therefore, in order that 
ipiix) be square integrable at x — s- cx), it is necessary 
and sufficient to take Z? = in Eq. M), regardless of 
the value of v. From Eq. (5a) of Ref. 1^ and the iden- 
tity Hl{^) = 2vHv-i{C): it then follows that the second 
component of the Dirac bispinor ^ is given by 



(8) 



Equations (^ (with D = 0) and (||) are valid for x > 0; 
for a; < they must be replaced by 



E 



MO 



(9a) 
(9b) 



where ^' = (m — gx)/ yf^. The continuity of ipi and ip2 
at a; = leads to the condition 



(10) 



This equation is equivalent to Eq. (15) of Ref. [Eq. (H) 
of this Comment! if n is not required to be a non-negative 
integer. In Ref. n^, however, this equation is a supplemen- 
tary condition imposed on the previously determined en- 
ergy levels (|). Here, in contrast, the energy levels are 
determined solely by Eq. (|l0|). 

It remains to be seen whether Eq. (|lo| ) has any solu- 
tions. In the Appendix, I prove that it has an infinite 
number of solutions if m = 0. Unfortunately, I have not 
been able to generalize the proof to the m ^ Q case. 
However, a numerical attack to the problem reveals the 
existence of solutions to Eq. ( p^ ) for m ^ 0. Table | lists 
the first five solutions to that equation for several values 
of m. 

TABLE I. First five values oi v = E'^ /2g for different val- 
ues of a = raj yfg. 



V 


Q = 


a = 1 


a = 2 


1^0 


0.345459 


1.396274 


3.338595 


Vl 


1.548571 


3.056760 


5.452161 


Vl 


2.468573 


4.306277 


7.006087 


vz 


3.522295 


5.615211 


8.568946 




4.482395 


6.804771 


9.978608 



ACKNOWLED GMENTS 



I thank Dr. R. S. Bhalerao for his comments on the 
first version of this paper. This work was supported by 
FAFERJ. 



1 



APPENDIX A: 

Let me show that Eq. ( pO| ) has an infinite number of 
solutions if m = 0. Indeed, in this case Eq. (|o|) reduces 
to 



(Al) 



It is clear that v cannot be negative, for then f{v) is 
strictly positive, li v = Q v = 2k, k a positive inte- 
ger, then 2i'H^_i{0) vanishes (in the latter case because 
H2k-i{x) is an odd function of x) and H^{0) > 0. There- 
fore, f{v) > if is a non-negative even integer. On the 
other hand, /(i^) < if is a positive odd integer, for 
then H^{0) = and 2vHl_^[Q) > 0. Because /(i/) is 
a continuous function of v, one is led to the conclusion 
that f{i^) vanishes at least once in each interval {n, 
n = 0,l,2,...A more refined analysis, in which one uses 
the identity (cf. Eq. (|)) 



2T 



(A2) 



shows that /(i/) in fact vanishes only once in these in- 
tervals. It follows that the energy levels in the massless 
case are given by 



E = ±^2iJ^, (A3) 
with Vn satisfying n < Vn < n + 1, n = 0, 1, 2, . . . 
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the former, when v is a. non-negative integer. 
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